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Hill (1978) proposed a natural extension of Hooke’s law to ﬁnite deformations. With all Seth-Hill ﬁnite
strains, Hill’s natural extension presents a broad class of compressible hyperelastic materials over the
whole deformation range. We show that a number of known Hookean type ﬁnite hyperelasticity models
are included as particular cases in Hill’s class and that Bell’s and Ericksen’s constraints may be derived as
natural consequences from Hill’s class subjected to internal constraints. Also we present a uniﬁed study
of ﬁnite bending problems for elastic Hill materials. To date exact results are available for certain partic-
ular classes of compressible elastic materials, which do not cover Hill’s class. Here, with a novel idea of
circumventing the strong nonlinearity we show that it is possible to derive exact solutions in uniﬁed form
for the whole class of elastic Hill materials. Reduced results are also given for cases subjected to internal
constraints.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
In a contribution to solid mechanics at ﬁnite deformations, Hill
(1978) proposed an extension of Hooke’s law from inﬁnitesimal to
ﬁnite deformations, which ‘‘might be regarded as a natural gener-
alization of Hooke’s law’’ (Hill, 1978, p. 49). With work-conjugate
stress–strain pairs, Hill’s extension actually deﬁnes a broad class
of compressible hyperelastic materials of Hookean type, in con-
junction with Seth–Hill or Doyle–Ericksen class of ﬁnite strain
measures. Each of elastic Hill materials retains the structure of
Hooke’s law, with the same elastic constants speciﬁed at inﬁnites-
imal strain as in Hooke’s law. Then, nonlinearity effects at ﬁnite
deformations are incorporated into and characterized by the deﬁ-
nition of ﬁnite strain measure. Several known ﬁnite elasticity mod-
els of Hookean type (see, e.g., Truesdell, 1952; Truesdell and
Toupin, 1960; Truesdell and Noll, 1965) are naturally included as
a few particular cases of ﬁnite strain measure, such as Green strain,
Almansi strain, Cauchy–Biot strain, Swainger strain, Hencky’s log-
arithmic strain, etc. Details will be given later on.
Finite bending deformation of a rectangular block is regarded as
a representative, signiﬁcant non-homogeneous ﬁnite deformation
mode. In this article, we intend to make a uniﬁed study of ﬁnitell rights reserved.
).bending problems of rectangular blocks made of elastic Hill mate-
rials with any given lateral stretch normal to the bending plane.
With a novel method, we shall derive closed-form exact solutions
in uniﬁed form for the whole class of Hill’s compressible elastic
materials.
It appears that modern studies in obtaining exact solutions for
ﬁnite deformation problems of isotropic elastic materials origi-
nated from Rivlin’s systematic treatment for rubber elasticity (cf.,
e.g., Rivlin, 1948a,b,c,d, 1949a,b). As shown in Rivlin’s classical re-
sults, the incompressibility condition or constraint may lead to
substantial reduction to the strong nonlinear coupling. Since Riv-
lin’s pioneering works, numerous results have been derived for
closed-form solutions of ﬁnite deformation problems for incom-
pressible hyperelastic materials; refer to, e.g., Doyle and Ericksen
(1956), Green and Zerna (1960), and Wang and Truesdell (1973)
for classical results and Ogden (1984), Beatty (1987, 2001), and
Fu and Ogden (2001), etc. for recent results. In recent years, many
efforts have been made to obtain exact solutions for ﬁnite elastic
deformation problems of compressible materials. Without uncou-
pling from the incompressibility condition, results were usually
derived for particular forms of elastic energy functions. With a gen-
eral form of series expansion in terms of principal stretches, Ogden
(1972a,b, 1976, 1978) made a systematic study of both incom-
pressible and compressible deformations. Now numerous results
for exact closed-form solutions were obtained for various ﬁnite
homogeneous and inhomogeneous deformation problems with
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forms of neo–Hookean materials, Mooney–Rivlin materials, har-
monic materials, Ogden materials, Varga materials, semilinear
materials, etc.; refer to, e.g., Abeyaratne and Horgan (1984), Aron
(1994, 2005, 2006), Aron and Aizicovici (1997), Aron et al.
(2006), Aron and Wang (1995), Carroll (1988, 1995, 2001, 2005,
2007), Beatty and Hayes (1992), Beatty and Jiang (1997, 1999), Car-
roll and Horgan (1990), Chung et al. (1986), Gao and Ogden (2009),
Haughton (1987, 1993), Hill (2001) Horgan (1989), Horgan and
Murphy (2005), Jiang and Beatty (1995), Jiang and Ogden (1998),
Jiang and Ogden (2000), Kirkinis and Ogden (2002, 2003), Kirkinis
et al. (2004), Murphy (1992, 2007), Ogden and Isherwood (1978),
Rooney and Carroll (2007), Xiao and He (2007), Zhu et al. (2010);
and many others. Reference is also made to recent review articles
by Beatty (1987, 2001) and monographs by Ogden (1984), and Fu
and Ogden (2001).
In particular, the ﬁnite bending problems were studied by a
number of researchers, e.g., Rivlin (1949a,b) for incompressible
materials and Aron (2005), Aron et al. (2006), Aron and Wang
(1995a,b), de Boer (1967), de Boer and Bruhns (1969), Bruhns
(1970, 1971), Bruhns and Thermann (1969), Bruhns et al. (2002),
Carroll (2005), Gao (1994), Horgan and Murphy (2005), etc. for cer-
tain classes of compressible materials.
In this article, we intend to make a uniﬁed study of the ﬁnite
bending problems for the whole class of Hill’s compressible elastic
materials. As mentioned before, Hill’s class is not covered by those
classes that have been treated. It is a broad class associated with all
the Seth–Hill strain measures, as will be seen soon. Because of the
strong nonlinear coupling, it does not appear easy to derive a
closed-form solution for each model in Hill’ class, except for simple
cases, let alone a uniﬁed form of solutions for the whole class. Spe-
ciﬁcally, it does not appear possible to determine a direct closed-
form relation between the bending moment and the bending angle.
However, it may be possible to bypass this issue with a novel idea.
As will be shown, with the maximum or minimum circumferential
strain as a free variable, it may be possible to derive every other
stress and deformation quantity as an exact, explicit function of
this variable in uniﬁed form. Then, the closed-form relation be-
tween the bending moment and the bending angle may be deter-
mined by two explicit, exact parametric expressions. Details will
be given in the succeeding sections.
2. Hill’s class of compressible elastic materials
2.1. Hill’s extension of Hooke’s law
Let r and e be the Cauchy stress tensor and the inﬁnitesimal
strain tensor, and let K and G be Lamé elastic constants. Hooke’s
law is of the form
r ¼ KðtreÞI þ 2Ge: ð1Þ
Throughout, I is used to denote the 2nd-order identity tensor and
the notation trA the trace of 2nd-order tensor A. The following rela-
tion will be useful:
K ¼ 2G m
1 2m ð2Þ
with the Poisson ratio m.
Hooke’s law shown above applies to inﬁnitesimal deformations
only. To extend Hooke’s law to a general case in the presence of
large rotation and ﬁnite strain, ﬁrst of all a ﬁnite strain measure
should be introduced to replace the inﬁnitesimal strain e, since
the latter is reasonable and applicable merely within the inﬁnites-
imal deformation range. On account of the fact that many different
scales may be introduced to measure the degree of the length
change even in the simplest case of uniaxial extension, manydifferent ﬁnite strain measures may be expected. A systematic
treatment of ﬁnite strain measures is due to Hill (1968, 1970,
1978) (see also Ogden, 1984). A broad class of strain measures,
known as Seth–Hill or Doyle–Ericksen strain measures (cf. Doyle
and Ericksen, 1956), are deﬁned below:
EðmÞ ¼ C
m=2  I
m
¼
X3
k¼1
kmk  1
m
Ck  Ck: ð3Þ
In the above, C = FT  F is the right Cauchy–Green tensor with F the
deformation gradient and m may be any given real number, and,
moreover, k2k and Ck are the three eigenvalues (possibly repeated)
and three corresponding orthonormal eigenvectors of C. It should
be noted that the tensor power Cm/2 in the ﬁrst equality above may
be clear for each integer m2, whereas that may not be the case for each
non-integer m2. In terms of the principal stretches kk the second equal-
ity above gives a uniﬁed, clear deﬁnition for any number m.
It may be evident that each number m deﬁnes a ﬁnite strain
measure E(m) via Eq. (3). Well-known examples are provided by
m = 0, ±1, ±2, which correspond to the strain measures attributed
to Cauchy et al. In particular, a limiting procedure m? 0 is under-
stood for the case m = 0, leading to Hencky’s logarithmic strain
measure. Namely,
Eð0Þ ¼ lim
m!0
Cm=2  I
m
¼ 1
2
lnC ¼
X3
k¼1
ln kkð ÞCk  Ck: ð4Þ
A straightforward extension of Hooke’s law to ﬁnite deformations
may be obtained by simply replacing the inﬁnitesimal strain e in
Eq. (1) by a Seth-Hill strain E(m). Such a direct extension could not
be hyperelastic, since the stress work done along every deformation
path need not be path-independent.
Hill’s work-conjugacy concept (see Hill, 1968, 1970, 1978; see
also Ogden, 1984) provides a systematic procedure to bypass the
aforementioned issue. A stress-like symmetric 2nd-order tensor
T(m) is said to be the conjugate stress of Seth–Hill strain E(m), when-
ever the scalar product T ðmÞ :
_
EðmÞ furnishes the stress power per
unit reference volume. Namely, the following identity holds:
T ðmÞ :
_
EðmÞ ¼ Jr : Dð _WÞ; ð5Þ
where D is the Eulerian strain rate or stretching, i.e., the symmetric
part of the velocity gradient L ¼ _F  F1, and J is the volumetric ratio,
given by the determinant of the deformation gradient F, i.e.,
J ¼ detF: ð6Þ
The conjugate stress of each Seth–Hill strain may be derived using
Hill’s principal axis technique. Results are given in Hill (1968, 1970,
1978), and Ogden (1984).
Now, replacing the stress–strain pair (r,e) in Hooke’s law with
Hill’s work-conjugate pair (T(m),E(m)), one arrives at a natural gen-
eralization of Hooke’s law as follows (Hill, 1978):
T ðmÞ ¼ K trEðmÞ
 
I þ 2GEðmÞ; ð7Þ
or, alternatively (cf. Eq. (2)),
T ðmÞ
2G
¼ m
1 2m trE
ðmÞ
 
I þ EðmÞ: ð8Þ
Each relation for a given number m is for the whole deformation
range and indeed hyperelastic. In fact, with the above relation the
stress power is given by
_W ¼ T ðmÞ : _EðmÞ
1342 H. Xiao et al. / International Journal of Solids and Structures 48 (2011) 1340–1348with the hyperelastic potential
W ¼ 1
2
K trEðmÞ
 2
þ Gtr EðmÞ
 2
¼ 1
2
K km1 þ km2 þ km3
 2 þ G k2m1 þ k2m2 þ k2m3 :
With the number m running over the reals, Eq. (7) deﬁnes a class of
hyperelastic materials at ﬁnite deformations, referred to as Hill’s
class of compressible elastic materials. Each in this class establishes
a linear relationship between a work-conjugate stress–strain pair
and in this sense retains the same linear structure as in classical
Hooke’s law. All in this class have in common the two elastic con-
stants K and G evaluated at inﬁnitesimal strain. Then, nonlinear
elastic behavior at ﬁnite strain is incorporated into and character-
ized by Hill’s work-conjugate stress–strain pair.
2.2. Hill’s equation with constraint
An interesting case is when the Poisson ratio m is given by 12. It is
well-known that, for inﬁnitesimal deformations, this case gives a
particular class of elastic materials subjected to the constraint of
incompressibility. Since the classical elastic constants are kept in-
tact in Hill’s elastic Eq. (7), then arises a question as to what this
case means with Hill’s class of elastic materials over the whole
deformation range. Will m ¼ 12 still imply the constraint of incom-
pressibility for ﬁnite deformations?
Whenever the denominator 1  2m in Eq. (8) is going to vanish,
it may be clear that, to avoid the divergent issue of inﬁnity, the
numerator trE(m) in Eq. (8) should also go to vanish. Thus, we infer
trEðmÞ ¼ 0 ð9Þ
for m ¼ 12. This introduces a consistent constraint condition for Hill’s
class of elastic materials. The constraint with m = 1 and m = 2 are
known as Bell’s constraint (see: Bell, 1985; see also: Beatty, 2001;
Beatty and Hayes, 1992) and Ericksen’s constraint (cf. Ericksen,
1986), respectively (see also: Huang, 2004). It can be demonstrated
that constraint (9) means incompressible deformations, only for
m = 0, i.e., only for Hencky’s logarithmic strain and Hencky model
(cf. Section 2.3). Indeed, we have
trEð0Þ ¼ ln J
and then we deduce that condition (9) with m = 0 implies the
incompressibility condition
J ¼ 1:
It turns out that, for each m– 0; m ¼ 12 does not mean incompress-
ible ﬁnite deformations, but means the constraint (9).
Here, it may be noticeable that, in a sense of consistency, Bell’s
and Ericksen’s constraints are derived as natural consequences
from Hill’s elastic Eq. (7). Subjected to constraint (9), Hill’s elastic
Eq. (7) assumes the form:
T ðmÞ ¼ pI þ 2GEðmÞ ð10Þ
with the scalar p an indeterminate part of the stress.
2.3. Reduced forms of Hill’s equation
In general, the expression for the conjugate stress T(m) need not
be simple. For isotropic materials, however, a simple expression is
possible. In this case, a direct expression for T(m) may be derived
(cf. Xiao and Chen, 2002) and Hill’ Eq. (7) reduces to
Jr ¼ K trB
m=2  3
m
Bm=2 þ 2GB
m  Bm=2
m
; ð11Þ
where B = F  FT is the left Cauchy–Green tensor.Moreover, Hill’s equation with constraint (9) reduces to
Jr ¼ pBm=2 þ 2GB
m  Bm=2
m
: ð12Þ
With m = 0, ±1, ±2, the reduced form of Hill’s equation yields
several known elastic models at ﬁnite strain, as shown below:
Jr ¼ K trV  3ð ÞV þ 2G B Vð Þ ðm ¼ 1Þ; ð13Þ
Jr ¼ K 3 trV1
 
V1 þ 2G V1  B1
 
ðm ¼ 1Þ; ð14Þ
Jr ¼ K ln Jð ÞI þ G lnB ðm ¼ 0Þ; ð15Þ
Jr ¼ 1
2
K trB 3ð ÞBþ G B2  B
 
ðm ¼ 2Þ; ð16Þ
Jr ¼ 1
2
K 3 trB1
 
B1 þ G B1  B2
 
ðm ¼ 2Þ; ð17Þ
where V ¼ ﬃﬃﬃBp is the left stretch tensor.
In particular, for Bell’s constraint (Eq. (9) with m = 1) and Erick-
sen’s constraint (Eq. (9) with m = 2), we have:
Elastic Hill equation with Bell’s constraint (m = 1):
Jr ¼ pV þ 2GB; ð18Þ
Elastic Hill equation with Ericksen’s constraint (m = 2):
Jr ¼ pBþ GB2: ð19Þ
In contrast, for the constraint of incompressibility, Eq. (12) with
m? 0 gives
r ¼ pI þ G lnB: ð20Þ
Detailed studies of Bell’s constraint are given in Beatty (2001)
Beatty and Hayes (1992,), etc.
The ﬁve elastic equations as given by Eqs. (13)–(17) were attrib-
uted to Cauchy et al. Details may be found in Truesdell (1952),
Truesdell and Toupin (1960), and Truesdell and Noll (1965). Recent
studies of these equations may be found in Batra (1998, 2001), Xiao
and Chen (2002), Xiao and He (2007), and others. Of the ﬁve Hook-
ean equations above, Hencky’s logarithmic strain and Hencky Eq.
(15) have attracted much attention. Hencky’s logarithmic strain
was earlier given prominence by Hill (1968, 1970) in a uniﬁed
study of constitutive inequalities and later used by many research-
ers. In particular, Hencky Eq. (15) has been widely used and stud-
ied. Earlier, Hencky (1928, 1931, 1933), himself used Eq. (15) to
study ﬁnite elastic deformations of rubbers in some simple cases.
It appears that its modern applications started with the study of ﬁ-
nite elastic and elastic–plastic bendings of a long plate-strip (plane
strain) in the cases of incompressible and compressible deforma-
tions (de Boer, 1967; de Boer and Bruhns, 1969; Bruhns, 1970,
1971; Bruhns and Thermann, 1969). Later, Anand (1979, 1986)
analysed the predictions of Eq. (15) for a number of typical defor-
mation modes and compared them with experimental data for a
variety of engineering materials. As compared with several other
known models, it was found that Hencky’s model (15) is able to
ﬁt experimental data better for moderately large deformations.
Most recently, ﬁnite simple shear of a block and ﬁnite torsion of
circular cylindrical rods and tubes with free ends have been inves-
tigated in Bruhns et al. (2000). It is shown that Hencky’s model (15)
predicts Poynting effect and its prediction in this respect is also in
good accord with experiment. Moreover, rigorous theoretical foun-
dations of Hencky’s model (15) have been examined in Bruhns
et al. (2001) concerning certain well-established constitutive
inequalities. Moreover, closed-form solution for ﬁnite bending
problem is derived in Bruhns et al. (2002). In most recent develop-
ments, Aron (2006) has obtained results for certain deformation
classes of elastic Hencky materials; Criscione et al. (2000) have
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Fig. 1. An undeformed rectangular block.
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Fig. 2. A deformed state of a rectangular block by ﬁnite bending.
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applications in modeling rubber elasticity; and Diani and Gilormini
(2005) have demonstrated that a suitable combination of Hencky
strain and the full-network model gave rise to impressively accu-
rate results in modeling elastic behavior of rubber-like materials.
The far-reaching implications of Hencky strain and Hencky model
have been uncovered in consistent Eulerian ﬁnite elastoplasticity;
refer to, e.g., Bruhns et al. (1999), Xiao et al. (1997a,b, 1999,
2000) and to Xiao (2005) and Xiao et al. (2006) for a summary of
recent developments.
It should be pointed out that any given model of particular
form is not intended for achieving a comprehensive simulation
of ﬁnite deformation behavior of realistic elastic materials. It is
expected, however, that as a class of simple, natural models, elas-
tic Hill models may be useful in characterizing some essential as-
pects of realistic ﬁnite elastic deformation behavior, as has been
indicated in the foregoing and in the references mentioned. It
may be clear that for a detailed, comprehensive description, gen-
eral forms of hyperelastic equations based on the three strain
invariants or the three principal stretches should be employed
with a number of adjustable parameters to be determined. In this
broad sense, various kinds of elastic models have been suggested
and applied for simulating realistic behavior of rubber-like mate-
rials or elastomers. Earlier, Mooney–Rivlin materials, neo–Hook-
ean materials, Blatz–Ko materials, harmonic materials, Varga
materials, etc. were used. Systematic developments were made
by Ogden (1972a,b, 1976, 1984) and others. Ogden materials
are expressed in general forms in terms of three principal
stretches based on the partition of the hyperelastic potential.
Non-isochoric or compressible deformations were considered by
incorporating volumetric deformation effects into various known
isochoric or incompressible models. For details, refer to, e.g., the
review articles by Beatty (1987, 2001) and the monographs by
Ogden (1984), and Fu and Ogden (2001).
Hill’s class of elastic models with two classical elastic constants
and Seth–Hill strain measures stands out in its own right, in a
sense that each in this class is not included in other known com-
pressible elastic models. As a result, it may be meaningful to study
ﬁnite deformation problems based on these models. In the suc-
ceeding sections, we are going to treat the ﬁnite bending problem
with any given lateral stretch. Since each numberm deﬁnes a Seth–
Hill strain and accordingly an elastic Hill material, usually the
treatment should be done for each model, separately. This would
be a formidable task even for a given non-integer number m. For-
tunately, thanks to a novel method a uniﬁed study will be shown
possible for the entire class of Hill’s elasticity models.3. Governing equations for ﬁnite bending
3.1. Finite bending of block
For ﬁnite bending of a block, the forms of the radial and circum-
ferential displacement components may be statically determined
in the case of incompressibility, whereas in the case of compress-
ible deformation the radial displacement component assumes a
general unknown form which is in a complicated manner coupled
with the material property, as will be seen below.
In what follows we shall consider a rectangular block at unde-
formed state with lengths 2l, 2t, 2h in its three mutually perpendic-
ular directions. We take a ﬁxed rectangular Cartesian coordinate
system OXYZ as is shown in Fig. 1. The foregoing block is deﬁned by
h 6 X 6 h; l 6 Y 6 l; t 6 Z 6 t:
With a given stretch normal to the sector plane, the block is de-
formed into a sector of a circular cylindrical tube, as is shown inFig. 2. Let orhz be a circular cylindrical coordinate system as shown
in Fig. 2. With reference to this system, a plane X = const. in the
undeformed block in Fig. 1 becomes a sector of a circular cylindri-
cal surface r = const. in Fig. 2; a plane Y = const. in Fig. 1 becomes a
plane h = const. in Fig. 2; and a plane Z = const. in Fig. 1 becomes a
plane Z = const. in Fig. 2. The bending momentM should be applied
at the two ends of the block. Accordingly, there are stresses distrib-
uting over the end planes.
Following Ogden (1984), we describe the bending of the block
in Fig. 1 into the sector in Fig. 2 by
r ¼ rðXÞ; h ¼ a
l
Y; z ¼ kZ; ð21Þ
where 2a is the bending angle and k is the stretch normal to the
bending plane. The latter is taken to be a given quantity.
Throughout, let E1, E2, E3 be a reference rectangular Cartesian
basis in the directions of OX-, OY- and OZ-axes, and let er, eh, ez
be a current cylindrical polar basis where ez = E3 and er and eh
are in the radial and circumferential directions in Fig. 2. Then the
deformation gradient F is given by
F ¼ krer  E1 þ kheh  E2 þ kez  E3: ð22Þ
In the above,
kr ¼ r0; kh ¼ al r: ð23Þ
We shall refer to the deformation quantities kr, kh, k as radial, cir-
cumferential, lateral stretches, respectively. Throughout this article,
a prime means the differentiation with respect to X, i.e.,
ðÞ0  dðÞ
dX
:
The left Cauchy–Green tensor B is given by
B ¼ k2r er  er þ k2heh  eh þ k2ez  ez: ð24Þ
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stretches kr, kh, k are just the three principal stretches and that their
corresponding principal axes are just in the radial, circumferential,
lateral directions er, eh, ez, respectively. Note that the last keeps un-
changed, whereas the ﬁrst two are changing with the deformation.
Now for any given number n the tensor power is given by
Bn ¼ k2nr er  er þ k2nh eh  eh þ k2nez  ez: ð25Þ
The volume ratio J is given by
J ¼ det F ¼ kkrkh: ð26Þ3.2. Governing equations and boundary conditions
For an isotropic elastic body, the Cauchy stress r is coaxial with
B. Hence we deduce
r ¼ rrer  er þ rheh  eh þ rzez  ez: ð27Þ
It is clear that the rr, rh and rz in the above are just the three prin-
cipal stresses, which are in the radial and circumferential directions
and in the oz-axis direction, respectively.
Eqs. (24)–(27) and the reduced form of Hill’s model, i.e., Eq.
(11), yield
J rr2G ¼ k
m
r
12m ð1 mÞ k
m
r 1
m þ m
kmh þkm2
m
 
;
J rh2G ¼
kmh
12m ð1 mÞ
kmh 1
m þ m k
m
r þkm2
m
 
;
J rz2G ¼ k
m
12m ð1 mÞ k
m1
m þ m
kmr þkmh 2
m
 
:
8>>><
>>:
ð28Þ
In deriving the above, we have replaced the Lamé constant K in Eq.
(11) by Eq. (2).
The equations of equilibrium in the absence of body force is gi-
ven by
rr ¼ O:
In terms of the circular cylindrical coordinate system orhz intro-
duced before, we can derive three equations. Of them, only one is
non-trivial and of the form
r0r þ
k0h
kh
ðrr  rhÞ ¼ 0: ð29Þ
It will be convenient to use the following equivalent form:
s0r 
k0r
kr
sr  k
0
h
kh
sh ¼ 0 ð30Þ
with the Kirchhoff stresses
sr ¼ Jrr; sh ¼ Jrh:
Then, from this and Eqs. (28) and (30) we derive
k0x
k0h
þ k
1m
r
k1mh
ð1 mÞðkmh  1Þ þ mðð1mÞkmr þ km  2Þ
ð1 mÞðð1 2mÞkmr þm 1Þ þ mð1mÞðkmh þ kmr  2Þ
: ð31Þ
There will be stresses distributing over the two end planes and
on the two lateral planes normal to ez. On the two end planes, the
bending moment M per unit length holding the block into the cur-
rent bent state is given by
M ¼
Z rþ
r
rrhdr: ð32Þ
In the above, the r and r+ are used to designate the minimum and
the maximum current radius at X = h and X = +h, respectively. In
general, for any quantity of interest, b = b(X), the notations b and
b+ are used to represent the values of b at X = h and X = +h, namely,b ¼ bjX¼h; bþ ¼ bjX¼h:
Hence, the two b± are just the values of the quantity b on the two
boundary surfaces r = r±.
The normal stress rr on the two boundary surfaces rjX=±h should
be zero, i.e., rrjX=±h = 0. This and Eq. (12)1 give the boundary
conditions
ð1 mÞ ðkr Þm1m þ m
ðkh Þmþkm2
m ¼ 0;
ð1 mÞ ðkþr Þm1m þ m
ðkþ
h
Þmþkm2
m ¼ 0:
8<
: ð33Þ4. Closed-form solutions in uniﬁed form
The governing Eq. (31) derived in the last section is a nonlinear
ordinary differential equation of second order for the current ra-
dius r ¼ rðXÞ, in which the unknown bending angle 2a is included.
The associated boundary conditions (33) are strongly nonlinear.
Except for particular numbers m, it does not appear to be possible
to derive from it an explicit expression for the current radius r as
an explicit function of X. That may also be the case in ﬁnding out
a direct, explicit relation between the bending moment M and
the bending angle 2a. Here we shall show that the strong nonlin-
earity may be treated by means of a novel idea based on well-cho-
sen free parametric variables. The main procedure is described
below. First we work out an exact integration of the nonlinear dif-
ferential Eq. (31), then we show that it is possible to derive the
bending angle 2a and the bending momentM in terms of the max-
imum (resp., minimum) circumferential stretch kþh (resp., k

h ). Thus,
we obtain explicit solutions for the distributions of all the stress
and deformation quantities in terms of the circumferential stretch
kh 2 ½kh ; kþh . Eventually, the relationship betweenM and 2amay be
speciﬁed by two explicit expressions in terms of kþh , namely,
2a ¼ pðkþh Þ;
M ¼ qðkþh Þ:
(
In the above two expressions, kþh is a free parametric variable. Here
it may be interesting to note the fact that a direct closed-form rela-
tionship could not be derived between M and 2a, but closed-form
solutions in terms of kþh are derivable! Details will be given below.
4.1. Exact integration of governing equation
Toward our purpose, we recast Eq. (31) in the form:
dkmr
dkmh
þ ð1 mÞðk
m
h  1Þ þ mðð1mÞkmr þ km  2Þ
ð1 mÞðð1 2mÞkmr þm 1Þ þ mð1mÞðkmh þ kmr  2Þ
¼ 0:
ð34Þ
To cover all the cases for the number m including the case m = 0,
particular treatment is needed. The idea is to replace the powers
in Eq. (34) by the following Seth–Hill principal strains:
gr ¼
kmr  1
m
; gh ¼
kmh  1
m
; g ¼ k
m  1
m
: ð35Þ
Then we have
kmr ¼ 1þmgr; kmh ¼ 1þmgh;
dkmr ¼ mdgr; dkmh ¼ mdgh:
With these relations we convert Eq. (34) to the following form:
ð1mÞmðgrdgh þ ghdgrÞ þ ðð1 mÞgh þ mg  mÞdgh
þ ðð1 2mÞð1 mÞgr þ ð1mÞmg þ m 1Þdgr ¼ 0: ð36Þ
Now it may be clear that the above equation in differential form is
exactly integrable to deliver
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1 m
2
g2h þ ð1 2mÞg2r
 þ mðg  1Þgh
þ ð1mÞmg þ m 1Þgr ¼ C: ð37Þ
The integration constant C will be prescribed next section.
4.2. Radial strain in terms of circumferential strain
Eq. (37) may be rewritten in a quadratic equation for gr, namely,
ag2r þ bgr þ c ¼ 0
with
a ¼ 1
2
ð1 2mÞð1 mÞ; b ¼ ð1mÞmðgh þ gÞ þ m 1;
c ¼ 1
2
ð1 mÞg2h þ mðg  1Þgh  C:
Hence, we have
gr ¼
1
1 2m 1þ ðm 1Þ
m
1 m ðgh þ gÞ 
ﬃﬃﬃﬃ
W
p 
ð38Þ
for m – 12 (the degenerate case m ¼ 12 gives a linear equation and
will be treated later on). In the above,
W ¼ b
2  4ac
ð1 mÞ2
and hence
W ¼ 1þ ðm 1Þm
1 m ðgh þ gÞ
 2
þ ð2m 1Þ g2h þ
2m
1 m ðg  1Þgh  C
 
;
ð39Þ
where C ¼ 2C=ð1 mÞ.
Now we are in a position to determine the integration constant
C. By using c ¼ ag2r þ bgr we infer
W ¼ b
2  4ac
ð1 mÞ2
¼ 2agr þ b
1 m
 2
:
Then, on the two boundary surfaces X = ±h we have
W ¼ 2ag

r þ b
1 m
 !2
with
b ¼ ð1mÞmðgh þ gÞ þ m 1:
The boundary conditions (33) at X = ±h yield
gr ¼ 
m
1 m ðg

h þ gÞ: ð40Þ
Hence we deduce
W ¼ U 2; U ¼ 1 mm
1 m ðg

h þ gÞ: ð41Þ
On the other hand, theW± can also be given simply by setting X = ±h
in Eq. (39). The two results from the two different procedures
should be the same. As a consequence, we infer
C ¼ 1þ
mm
1m ðgh þ gÞ
 2
2m 1 
1 mm1m ðgh þ gÞ
 2
2m 1
þ gh
 2 þ 2m
1 m ðg  1Þg

h
 
: ð42Þ
Since this expression should give the same C for gþh and g

h , we
deduce
ðgh Þ2 þ 2mggh ¼ ðgþh Þ2 þ 2mggþh : ð43ÞSince gh ¼ gþh holds only for the undeformed state of the block, this
results in
gh þ gþh ¼ 2mg ð44Þ
and this and Eq. (40) lead to
gr þ gþr ¼ 2mg: ð45Þ
This couple of expressions uncovers simple, perhaps interesting
relations between the maximum and minimum radial and circum-
ferential stretches kr and k

h , separately. In particular, for Hencky
model with m = 0, Eqs. (44) and (45) produce
kh k
þ
h ¼ k2m;
kr k
þ
r ¼ k2m;
(
ð46Þ
which have been derived in Bruhns et al. (2002).
Now a reduced, explicit form of W is available from the substi-
tution of Eq. (42) into Eq. (39). The result is as follows:
W ¼ 1 mm
1 m ðg

h þ gÞ
 2
þ 1þ ðm 1Þm
1 m ðgh þ gÞ
 2					
g
h
gh
þ ð2m 1Þ g2h þ
2m
1 m ðg  1Þgh
 				
gh
gh
: ð47Þ
Here for a function F(x) we denote
FðxÞjqp ¼ FðqÞ  FðpÞ:
With Eq. (44) the expression (47) yields the same result for the two
gh .
Now we explain how to specify the sign with the square root in
Eq. (38). Toward this goal we study the properties of the expression
(38) with Eq. (47) at the two boundaries X = ±h. We have
gr ¼ 
m
1 m ðg

h þ gÞ þ
1
1 2m U
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
U
 2q 
;
with U± given in Eq. (41). Comparing this with the boundary condi-
tions given by Eq. (40), it may be clear that agreement may be
reached by choosing the sign at issue as follows:
sgn 1 mm
1 m ðgh þ gÞ
 
:
Thus, the radial stretch is given by
gr ¼ 
m
1 m ðgh þ gÞ þ
1
1 2m 1
mm
1 m ðgh þ gÞ

 sgn 1 mm
1 m ðgh þ gÞ
  ﬃﬃﬃﬃ
W
p 
; ð48Þ
where the W is given by Eq. (47). Here sgn(x) is used to represent
the sign of x.
4.3. The case m ¼ 12
This case corresponds to the strain
E
1
2ð Þ ¼ 2
ﬃﬃﬃ
C4
p
 I
 
:
Eq. (37) with m ¼ 12 reduces to a linear equation in gr. The result is
straightforward:
gr ¼
ð1 mÞg2h þ 2mðg  1Þgh  2C
2 2m mðgh þ gÞ
: ð49Þ
Setting X = ±h and applying the boundary conditions (40), we
deduce
2C ¼ 1 2m
1 m g

h g

h þ 2m
 þ m
1 m gð2 2m mgÞ: ð50Þ
1346 H. Xiao et al. / International Journal of Solids and Structures 48 (2011) 1340–1348This should yields the same C for the two kh . This fact leads also to
Eqs. (44) and (45) with m ¼ 12.
4.4. Initial coordinate and bending angle
Differentiating the expression (23)2 for the circumferential
stretch kh, we infer
dkh ¼ al r
0dX ¼ a
l
krdX:
Hence
a
l
dX ¼ dkh
kr
:
Integrating this expression and using Eq. (35), we obtain
a
l
ðX þ hÞ ¼
Z gh
g
h
ð1þm  ghÞ
1
m1ð1þm  grÞ
1
mdgh: ð51Þ
This establishes the relationship between the initial coordinate X
and the corresponding circumferential strain gh, whenever the
bending angle a is known. The latter is determined by setting
X = h in Eq. (51). Result is as follows:
2a
h
l
¼
Z gþ
h
g
h
1þm  gh
1þm  gr
 1
m dgh
1þm  gh
: ð52Þ
Thus, Eqs. (51) and (52) together produce
X
h
¼ 2
R gh
g
h
ð1þm  ghÞ
1
m1ð1þm  grÞ
1
mdghR gþ
h
g
h
ð1þm  ghÞ
1
m1ð1þm  grÞ
1
mdgh
 1: ð53Þ
With Eq. (48), the radial strain gr is given by an explicit function of
the circumferential strain gh. Moreover, either of the maximum and
minimum circumferential strain gh may be given by the other, as
indicated in Eq. (44). Therefore, either of them may be chosen to
be a free variable in use.
Let the maximum circumferential strain gþh be chosen as a free
variable. Then, from the above results it follows that Eq. (52) pro-
vides an explicit expression for the bending angle 2a in terms of gþh .
Furthermore, it may be clear from Eq. (53) that the initial coordi-
nate X is an explicit function of the circumferential strain
gh 2 ½gh ; gþh , namely,
X ¼ Hðgh; gþh Þ:
The coordinate variable X runs from h to h with the variable gh
changing from gh to g
þ
h .
4.5. Stress distributions and bending moment
Substituting Eq. (35) into Eq. (28), we obtain expressions for the
three principal stresses in terms of gh (hence kh) as follows:
rr
2G
¼ 1þmgr
J
ð1 mÞgr þ mðgh þ gÞ
1 2m ; ð54Þ
rh
2G
¼ 1þmgh
J
ð1 mÞgh þ mðgr þ gÞ
1 2m ; ð55Þ
rz
2G
¼ 1þmg
J
ð1 mÞg þ mðgh þ grÞ
1 2m ; ð56Þ
where the volumetric ratio is given by
J ¼ ðð1þmgÞð1þmghÞð1þmgrÞÞ
1
m: ð57Þ
Utilizing Eq. (32) and the equalities (cf. Eq. (23)2)
r ¼ l
a
kh; dr ¼ la dkh;we deduce that the bending moment M per unit length holding the
block into its current bent state is given by
M ¼
Z rþ
r
rrhdr ¼ la
 2 Z kþ
h
kh
khrhdkh: ð58Þ
Hence, substitution of Eqs. (52) and (55)2 into Eq. (58) gives
M
8Gh2
¼ k
1
1 2m
R gþ
h
g
h
1þmgh
1þmgr
 1
mðð1 mÞgh þ mðgr þ gÞÞdgh
R gþ
h
g
h
1þmgh
1þmgr
 1
m dgh
1þmgh
 2 : ð59Þ
Eq. (59) with Eq. (48) furnishes an explicit expression for the
bending momentM in terms of the maximum (resp. minimum) cir-
cumferential strain gþh (resp. g

h ). A perhaps interesting fact is that
Eqs. (52) and (59) with Eq. (48) present an explicit parametric
representation of the M versus 2a relation through either of the
maximum and minimum circumferential strains gh as a free para-
metric variable, whereas it does not appear that a direct explicit
expression of this relation is derivable, except for particular cases.
In summary, with a freely changing maximum circumferential
strain gþh , Eqs. (52) and (59) determine the bending angle 2a and
the bending moment M per unit length. Then, the maximum and
minimum current radii r± = rjX=±h are known. With the current ra-
dius r 2 [r,r+] and Eq. (23)2, we may calculate the distributions
of the principal stresses rr, rh, rz over any current section h = const.
in the bent block. The reference coordinate X corresponding to the
bending angle 2a and the current radius r is given by Eq. (53).
5. Results for signiﬁcant cases
From the results obtained in the last section, results can be de-
rived for the signiﬁcant cases for m=0, ±1, ±2 and for the con-
straints as given by Eq. (9), including Bell’s constraint with
ðm ¼ 1; m ¼ 12) and Ericksen’s constraint with ðm ¼ 2; m ¼ 12Þ, as
well as the incompressibility constraint ðm ¼ 0; m ¼ 12Þ. The proce-
dures for the cases m = ±1, ±2 with no constraints are direct. Below
are accounts for other cases.
5.1. Hencky model with m = 0
The case m = 0 is of particular interest due to the signiﬁcance of
Hencky strain and Hencky model. The results for this case may be
derived by a limiting procedure with m? 0 from the uniﬁed form
of results derived here. The derivation is straightforward. In fact,
we have
lim
m!0
gr ¼ ln kr; lim
m!0
gh ¼ ln kh; lim
m!0
g ¼ ln k;
lim
m!0
ð1þmghÞ
1
m ¼ kh; lim
m!0
ð1þmgrÞ
1
m ¼ kr ; lim
m!0
ð1þmgÞ1m ¼ k:
By setting m? 0 in Eqs. (48), (52)–(57), and (59) and utilizing the
above facts, results for the Hencky model with m = 0 may be ob-
tained immediately. These agree with those given in Bruhns et al.
(2002), where particular procedures are used to treat the analytical
difﬁculty arising from Hencky strain.
5.2. Constraints with m ¼ 12
In this case, Eq. (47) yields
W ¼ 1mðgh þ gÞð Þ2:
Then, Eq. (48) produces
gr ¼ gh  g: ð60Þ
This is in accord with the constraint condition given by Eq. (9).
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for the bending angle 2a, the initial coordinate variable X and the
bending moment M, as given below:
2a
h
l
¼
Z gþ
h
g
h
1þmx
1mg mx
 1
m dx
1þmx ; ð61Þ
X
h
¼ 2
R gh
g
h
1þmx
1mgmx
 1
m dx
1þmxR gþ
h
g
h
1þmx
1mgmx
 1
m dx
1þmx
 1 ð62Þ
M
8Gh2
¼ 1
k
R gþ
h
g
h
1þmx
1mgmx
 1
m
dx
R gþ
h
g
h
1þmx
1mgmx
 1
m dx
1þmx
 2 : ð63Þ
Moreover, the stress distributions are given by
rr
2G
¼ J1ðg þ ghÞð1mðg þ ghÞÞ; ð64Þ
rh
2G
¼ J1ghð1þmghÞ; ð65Þ
rz
2G
¼ J1gð1þmgÞ; ð66Þ
where
J1 ¼ ðð1þmgÞð1þmghÞð1mðg þ ghÞÞ
1
m: ð67Þ
In deriving the last four expressions, the relation (60) has been used
to eliminate the denominator (1  2m).
By setting m = 1 and m = 2 in Eqs. (61)–(67) results may be ob-
tained for Bell’s constraint with m = 1 and Ericksen’s constraint
withm = 2, respectively. Moreover, results for incompressible Hen-
cky model may be obtained by performing the limit m? 0 in Eqs.
(61)–(67).
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